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Problem 1. (10 points) Let X be a metric space with the distance p, and Y be a
metric space with the distance 0. Let X xY be the set of pairs {(z,y) : z € X,y € Y}.
Define a distance d on X x Y by

d((21,91), (2, y2)) = max{p(z1, 22), o (y1, y2) }-
Note that this defines, e.g., the d,, distance on R? = R x R.
a) (3 points) Prove that d defines a distance on X x Y.
b) (3 points) Define when a metric space is totally bounded.
c) (4 points) Prove that if (X, p) and (Y, o) are totally bounded, then so is
(X x Y, d).
Problem 2. (10 points)
a) (3 points) Define when a family of functions is ( uniformly) equicontinuous.
b) (3 points) State the Arzela-Ascoli theorem.

c) (4 points) Consider the space X = C([0,1]) with the supremum distance,

d(f,g9) = SUPgelo,1) |f(x) — g(=)|, induced by the norm [l = SUPyel0,1] | f ()]
Let Y be a bounded subset of X. Prove that the set of functions

Flz) = /Omt f)dt,  fey

has compact closure.

Problem 3. (10 points)
a) (2 points) Define when a subset of a metric space is compact.
b) (3 points) Give an equivalent definition of compactness in R™.
c) (5 points) Suppose that the function f : R* — R is continuous, and f(x) > ||x||
for all x € R™. Prove that f~1([0,1]) is compact.
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Problem 4. (10 points)

a) (2 points) Define when a subset of a metric space is connected.
b) (2 points) State the Intermediate Value theorem for metric spaces.

¢) (3 points) Prove that the set B of (z,y) € R? such that (z — 1)+ (y —2)2 <5
is connected.

b) (3 points) Does the function g(z,y) = exp(|z| + |y|) attain the value 50 on the
set B? You may use the fact that 2 < 2.7 < e < 2.8 < 3.
Problem 5. (10 points)
a) (2 points) State the Contraction Mapping theorem.
b) (6 points) Let Y be the set of continuous functions on [0, 1] that take values in
[0,1], with the uniform distance. Prove that Y is complete. Also, prove that

the mapping A defined on Y by the formula [Af](z) = [(f(z))* + z +2]/4 is a
contraction mapping of Y into itself.

¢) (2 points) Conclude that there exists a unique function f : [0,1] — [0, 1] satis-
fying f(z) = [(f(2))* + = +2}/4.
Problem 6. (10 points)

a) (4 points) Define when a sequence of functions (from a metric space to another
metric space) converges uniformly.

b) (6 points) Consider the sequence of functions f, : [0,7] — R defined by the
formula f, = sino sino...o sin (taken n times), i.e. fi(z) = sinz, fo(x) =
sin(sin x), fs(z) = sin(sin(sin x)) etc. Prove that the sequence of functions {f,}
converges uniformly to the zero function as n — co. You can use the fact that
O<sing<zforO<z<m.

Problem 7. (10 points)
a) (4 points) State the Implicit Function theorem.

b) (6 points) Let x,y,u, v be related by

ze"t’ + 2uv — 1 = 0, ye' ™ — % _9p 0.
1+ ;

Compute partial derivatives (Ou/0z), (Ov/8y) at the point where z =1, y = 2
and u =v=0.



