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INSTRUCTIONS
1. Students in MATH 326 answer 5 of the first 7 questions. If you answer more than 5
questions, credit will be given for the best 5 answers. Do not answer question 8.
2. Students in MATH 376 answer 5 of the last 6 questions. If you answer all of these
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1. (Do not do this question if you are a math376 student)
(a) Sketch phase portraits (but do not attempt to write down equations defining the dynamical systems) showing that it is possible for a dynamical system to have a fixed point
which
i. is Lyapunov stable but not attracting,
ii. is attracting but not Lyapunov stable,
iii. is a saddle point with a homoclinic connection. In this case label the stable and
unstable manifolds of the fixed point.
(b) Give examples of functions f (u, µ) such that the system u̇ = f (u, µ) has bifurcations of
the following type at u = 0, µ = 0:
i. saddle node,
ii. transcritical,
iii. supercritical pitchfork.
In each case sketch the corresponding bifurcation diagram, indicating the stability of the
fixed points (you do not need to justify your answer).
2. (Do not do this question if you are a math376 student)
Consider a dynamical system defined by
ẋ = x(3 − x − 2y),
ẏ = y(3 − 2x − y),
where x(t), y(t) represent the size of two diﬀerent competing animal populations at time t;
and so we only consider x, y ⩾ 0.
(a) Find all the fixed points of this dynamical system which satisfy x, y ⩾ 0, and determine
their linear stability types.
(b) Sketch the phase portrait for x, y ⩾ 0, clearly indicating the fixed points, isoclines (or
nullclines) and the direction of flow. Label the stable and unstable manifolds of any
saddle points. (You do not need to find or use the eigenvectors of the Jacobian at the
fixed points).
3. (a) Find a bifurcation from the fixed point u = 0 in the dynamical system
u̇ = µu −

u3
,
1 + u2

u ∈ R,

as the parameter µ ∈ R is varied. What type of bifurcation is observed? Sketch the
bifurcation diagram, indicating stability of the fixed points (except at the bifurcation
point).
(b) Consider the dynamical system
u̇ = µ − u − e−u ,

u ∈ R,

with parameter µ ∈ R. Find a formula to determine µ so that the point u is a fixed
point. Hence find the bifurcation point, and sketch the bifurcation diagram, indicating
stability of the fixed points (except at the bifurcation point).
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4. Consider the dynamical system on a circle
θ̇ = µ sin θ − sin3 θ,

θ ∈ [0, 2π).

(a) Find two fixed points θ ∈ [0, 2π) which exist for all values of µ.
(b) Determine the stability of the fixed points just found for all values of µ ∈ R, and thus
identify two possible bifurcation points.
(c) Find all the other fixed points for the dynamical system, as µ is varied.
(d) Sketch the bifurcation diagram for this dynamical system indicating the stability of all
the fixed points, and the types and approximate locations of all the bifurcations.
(e) Sketch a phase portrait for the dynamical system when the parameter µ is in the region
where the dynamical system has most fixed points.
5. (a) Consider the dynamical system
ẋ = −x3 + xy 2 ,
ẏ = −y 3 .
i. What does linearization tell you about the stability of the fixed point at the origin?
ii. Using the Lyapunov functional, V (x, y) = x2 + y 2 , or otherwise, show that the fixed
point is asymptotically stable.
iii. Sketch the phase portrait.
(b) Consider the dynamical system
ẋ = −y + xy 3 ,
ẏ = x − y 2 ,
which has fixed points at (0, 0), (1, −1) and (1, 1).
i. What does it mean for a dynamical system to be reversible? Show that this system
is reversible.
ii. What is the stability type of the fixed point at the origin?
iii. Sketch a plausible phase portrait.
6. Consider the system of diﬀerential equations
ẋ = x − y + 2xy − x(x2 + y 2 ),
ẏ = x + y + 2y 2 − y(x2 + y 2 ).
(a) Determine the type and stability of the fixed point at (0, 0).
(b) Convert the diﬀerential equations to polar coordinates.
(c) Show that there is an invariant annulus in the (x, y) plane, such that solutions may enter
the annulus but not leave.
(d) Use the Poincaré Bendixson theorem to deduce the existence of a periodic orbit for this
dynamical system.
(e) Sketch a plausible phase portrait of this dynamical system.
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7. Consider the system of diﬀerential equations
ẋ = µx − xy,
ẏ = x2 − y,

x(0) = x0 ,
y(0) = y0 ,

where µ ∈ R is a bifurcation parameter.
(a) Investigate the stability of the fixed point at (0, 0) and hence identify a candidate bifurcation point.
(b) Confirm that a bifurcation occurs by solving for all the fixed points of the dynamical
system for all µ ∈ R. What type of bifurcation occurs?
(c) Show that the eigenvalues, λ, of the Jacobian matrix at the non-zero fixed point(s) satisfy
λ2 + λ + 2µ = 0,
and hence show that such fixed points are always stable.
(d) Use Dulac’s criterion with weight function g(x, y) = 1/x to deduce that any periodic
orbit must cross the line x = 0, and hence that the dynamical system has no periodic
orbits.
8. (Do not do this question if you are a math326 student)
(a) Consider the diﬀerential equation
u̇ = u1/3 ,

u(0) = 0.

i. Find a solution to this problem for t ⩾ 0.
ii. Find another solution to this problem for t ⩾ 0.
iii. Show that there are infinitely many solutions to this problem.
(b) Consider the diﬀerential equation
ẋ = f (x, r) = rx(1 − x) − x,
where r is a bifurcation parameter.
i. Solve for all the fixed points, and hence identify a bifurcation which occurs at x = 0.
ii. Show that by defining a new bifurcation parameter µ, in a suitable way, that the
the system can be translated so that the bifurcation occurs at (x, µ) = (0, 0).
iii. Show that the system can be written as
ẏ = µy − y 2 + O(x3 ) = µy − y 2 + O(y 3 ),
by making the near identity change of variables y = x + cx2 for suitable choice of c
(which you should determine).

