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1. Let f : R — R be B(R) — B(R) measurable and let E = {(r,y) € B : y < f(z)}. Show
that E € B(R?). You may assume that

B(R*) =o({Ax B: A,B€ B(R)}) = o({U : U is an open subset of K*}).

2. Let (X, M, ) be a measure space and let f € L*.(This means that f : X — [0,00] and
f is measurable.)
(a) Define [ fdu .
(b) If [ fdu < oo show that f(z) € R (i.e. f(z) is finite) for almost all z € X.
(c) If e > 0 and [ fdu < co show that there exists E € M such that [ fdu > [ fdu—e.
(d) If [ fdu = 0 show that f(z) = 0 for almost all 7 € X.

3. (a) State Fatou’s Lemma.

(b) I £, fo € L% |Ifull2 =1, n=1,2,... and if f,(z) = f(z) for all z € X, prove that
- Ifll L1 '

(c) In (b), give an example such that ||f||2 < 1.

4. (a) State a version of the Dominated Convergence Theorem.
(b) Evaluate the following limits and justify your work.

i.
. © ne*
lim

n—oo fq n+g;

dz.

ii. ) .
. ne-

lim —2—5d:1:

n—o0 Jo 14 n?z

5. Let (X, M, 1) be any measure space. Prove that the metric space L? is complete.
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6. (a) Consider the functions f,(z) = cos(nz),z € [0,2x],n = 1,2,... as points in the
metric space L?([0, 2r]). Show that the set {f, : n € N} is closed and bounded, but
not compact.

(b) If f : [0,1] = [0, 2] and if L(f) and U(f) are the Riemann lower and upper integrals
of f, show that there exist measurable functions @, 5: [0,1] = R such that 0 < a <
f<B<2and -

[ adm = L(7), [ Bam = v(s).



