
Final Examination December 1, 1999 189-235A

1. Give a bijection between the rings Q�Q and Q[i]. Explain why there is no isomorphism
between them.

2. Suppose that f : G �! H is a homomorphism of rings and that it's onto. If H has m
elements and the kernel has k elements, how many elements does G have? Why?

3. Suppose that h : Q[X] �! C is the ring homomorphism such that h(q) = q for every
q 2 Q and h(X) = �3i.

(a) What is h(b0 + b1X + : : : b`X
`) for any polynomial Q(X) = b0 + b1X + : : : b`X

`?

(b) Give the kernel K and the image h(Q[X]) of this homomorphism.

(c) Give an isomorphism between Q[X]=K and a sub�eld of C.

4. Which of the following are subrings of R[X]? Which are ideals? Briey justify your
answers.

(a) Q[X].

(b) The set of all polynomials of even degree, including 0.

(c) The set of all polynomials P (X) such that P (1� 2i) = 0.

5. Suppose that p and q are distinct prime numbers. Show that Zp � Zq is isomorphic to
Zpq. Show that Zp � Zp is not isomorphic to Zp2 .

6. There are sub�elds of C which are isomorphic to Q[X]=(X4 � 2). How many? Describe
them explicitly, and in each case give an isomorphism. You need not justify.

7. Suppose that each of R and S is a ring with at least 2 automorphisms. Show that there
are at least 4 automorphisms of R� S.

8. List all the maximal ideals in Z140. For each maximal ideal I, give a numberm (depending
on I) such that Z140=I is isomorphic to Zm. Justify briey.

9. Show that
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is a ring with unity. Is it commutative? How many elements does it have? How many
units (invertible elements) does it have? Justify everything.

10. Factor the polynomial

4X8 + 28X7 + 61X6 + 42X5 + 25X4 + 112X3 + 244X2 + 168X + 36

over Q, over R and over C; give the roots with multiplicity in all three cases.
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